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Choose 8 problems; 5 points each.

1. Prove the equivalence statement P → (Q ∧R) ≡ (P → Q) ∧ (P → R).

2. Use proof by cases to prove that the number 5x2 − 7x− 3 is odd for any x ∈ Z.

3. Use contradiction to prove that the number
√
2 is irrational.

4. Use induction to prove that 3n > 1 + 2n for all integer n ≥ 2.

5. Use induction to prove the following formula for all n ∈ N.
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6. Short answers:

(a) Let A = {n ∈ Z | −2 ≤ n ≤ 5} and B = {n ∈ N | n ≥ 7}. Find the
elements in the set (A⊕ N)−B.

(b) Let A = {1, 2, 3, 4} and S = {X ∈ P (A) | |X| = 3}. Find the elements of
S.

(c) Let A = {n ∈ N | n < 11} and consider the equivalence relation R =
{(x, y) | x mod 3 = y mod 3} on A. Find the elements in the equivalence
class [7].

(d) Let f : R → R such that f(x) = x2. For the closed interval S = [−5, 2] ⊆ R,
find the set f−1(S).

(e) Give one example of a function f : N×N → N that is one-to-one and onto.

7. Let A and B represent any sets. Use the definition of cardinality to prove that
the relation R = {(|A|, |B|) | |A| = |B|} is an equivalence relation.

8. Let A = {x ∈ R | −2 ≤ x ≤ 2} and B = {x ∈ R | 0 ≤ x ≤ 1}. Prove that
|A| = |B|.

9. Prove that |Z− N| = ℵ0.
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